Applying the recently developed dynamical perturbation formalism on cosmological background to scalar-tensor theory, we provide a solid theoretical basis and a rigorous justification for phenomenological models of orbital dynamics that are currently used to interpret experimental measurements of the time-dependent gravitational constant. We derive the field equations for the scalar-tensor perturbations and study their gauge freedom associated with the cosmological expansion. We find a new gauge eliminating a prohibitive number of gauge modes in the field equations and significantly simplifying post-Newtonian equations of motion for localized astronomical systems in the universe with time-dependent gravitational constant. We identify several new post-Newtonian terms and calculate their effect on secular cosmological evolution of the osculating orbital elements.
I. INTRODUCTION
Alternative theories of gravity -the competitors to Einstein's general theory of relativity -have been the subject of numerous investigations for almost a hundred years. One such theory is the scalar-tensor theory [1] [2] [3] , an outgrowth of theories by Jordan [4] and Brans and Dicke [5] , in which, in addition to the metric tensor, the gravitational field is described by the fundamental scalar field, φ. This so-called Brans-Dicke (BD) field has a broader meaning than the scalar field of standard general relativity, where it is present only in the stressenergy tensor and generates curvature via Einstein's field equations. In scalar-tensor theory, apart from having its own stress-energy tensor, the BD field appears explicitly in the Lagrangian through direct coupling to the curvature scalar, which makes Newton's gravitational constant variable, G ∝ 1/φ, and gives rise to additional terms in Einstein's field equations, presumably, with important observational consequences.
A typical approach to deriving such consequences is to assume that the cosmological evolution of the scalar field affects the value of the gravitational constant, making it time dependent, much as in the earlier proposals by Dirac [6] . One then postulates a linear time dependence,
with G 0 representing the value of G at reference epoch, say, t 0 = J2000 (which we set to zero, for convenience), and uses it in the equation of motion for the gravitational probe moving in a spherically symmetric gravitational field of a point like mass M [7, 8] ,
where the first term on the right-hand side of (2) represents what is known as the Gyldén-Meshcherskii problem [9, 10] , the term F Newtonian includes additional Newtonian corrections, such as the influence of the other planets, and F relativistic includes the relativistic terms present in the Einstein-Infeld-Hoffman equations [11] . The so-called linear trend,Ġ 0 /G 0 , is then estimated from the astronomical observations. The Lunar Laser Ranging experiment based on the 44 years of data [12] and the Mars Reconnaissance Orbiter experiment [13] give the most stringent upper limits on the variability of G,Ġ 0 /G 0 = (1.4 ± 1.5) × 10 −13 yr −1 andĠ 0 /G 0 = (0.1 ± 1.6) × 10 −13 yr −1 , correspondingly.
The above phenomenological approach can certainly be improved. We are particularly interested in determining the relativistic terms that come from a careful analysis of the scalar-tensor theory of an expanding universe. That can be done with the help of the dynamical perturbation theory of curved spacetime manifolds recently developed in Refs. [14, 15] which provides a rigorous method of calculating the gravitational fields of perturbations whose density contrast significantly exceeds the average density of the universe, such as in the case of a localized gravitational system placed on cosmological background. The field variables of the theory are then naturally separated into two parts: the background part, whose dynamics is fully determined by the spherically symmetric Freedman solution of the Brans-Dicke theory, and perturbations, whose evolution is governed by the field equations derived on the basis of the properly formulated variational procedure applied to the Brans-Dicke action functional. It is the perturbations of the background metric and the scalar field that we are interested in finding. They determine the effective gravitational force, from which the post-Newtonian terms in the equations of motion can be deduced, thus improving on Eq. (2).
II. LAGRANGIAN, FIELD EQUATIONS, AND METRIC
We take the localized system to be a planetary system or a binary pulsar and the background manifold to be the spatially flat Friedman-Lemaitre-Robertson-Walker (FLRW) solution of the scalar-tensor theory. The background metric in the isotropic conformal coordinates, x µ ≡ (cη, x i ), µ = 0, 1, 2, 3, i = 1, 2, 3, thus has the formḡ µν = a 2 (η)f µν , f µν ≡ diag(−1, 1, 1, 1),
where c is the speed of light, a(η) is the cosmological scale factor, and η is the conformal time that is related to the standard cosmological time, t H , measured by freely falling Hubble observers via dt H = a(η)dη. Additionally, in terms of η, the conformal Hubble constant is defined by H ≡ (1/a)(da/dη).
The full gravitational system is then described by the
where
is the Lagrangian of the scalar-tensor theory, R is the Ricci scalar curvature, φ is the BD field, φ ,α ≡ ∂ α φ ≡ ∂φ/∂x α , ω is the BD coupling parameter (assumed to be a function of φ), g αβ is the (inverse) metric, g ≡ det(g µν ), L bgc is the Lagrangian of the background content of the expanding universe (mainly dark matter and dark energy, but also includes background baryonic matter), and L p is the perturbing Lagrangian of the localized system. The L p is assumed to be independent of φ, which corresponds to the requirement that the geodesic motion of material objects is governed by the metric alone without any direct influence of the BD field.
In accordance with the dynamical perturbation formalism, we write the full metric and the BD field as the sums, g µν (x) =ḡ µν (η) + κ µν (x), φ(x) =φ(η) + ϕ(x), (6) of their background parts,ḡ µν andφ, and perturbations, κ µν and ϕ. We also introduce the contravariant metric density, g αβ ≡ √ −gg αβ , its background value,ḡ αβ ≡ √ −ḡḡ αβ , and the perturbation, h αβ ≡ g αβ −ḡ αβ , which is conveniently written in the form
We then take h αβ and ϕ to represent the dynamical variables of the theory and use the variational procedure of Refs. [14, 15] to write down the linearized field equations for h αβ and ϕ,
−16π 
is the stress-energy tensor of the localized gravitational system. Once Eqs. (8) and (9) are worked out, we can find l αβ and ϕ by solving these equations, and then, via
find the full metric, g µν . [Note that the background metricḡ µν is used to raise and lower tensorial indices; covariant differentiation with respect toḡ µν will be denoted with a vertical bar.]
Applying (8) and (9) toL st , and making the linearized Hubble approximation in which we ignore all terms containing
/dη 2 , etc., we get the system of differential equations for scalar-tensor perturbations,
, and Λ ≡ḡ µν Λ µν . Equations (12) and (13) admit an enormous number of gauge modes most of which can be eliminated if we impose the gauge condition [here,ū α = (1/a, 0, 0, 0) is the velocity of the Hubble flow],
which generalizes the gauges used in Refs. [5] and [14] . Using (14) and rewriting everything in the isotropic conformal coordinates, we arrive at the wave equations for perturbations,
where ϕ ≡ f αβ ϕ ,αβ and Q µν ≡ f αβ Q µν,αβ . In the above, we introduced an auxiliary gravitational variable
and defined
Equations (15) and (16) have the general form
. This can be solved by introducing two new functions, b = b(η) and q = q(η, x i ), such that Q = b 2 q, with db/dη = Bb. Noticing that, in the linear Hubble approximation,
we get the equation
whose retarded solution is given by the volume integral,
with η ′ = η − |x − x ′ |/c being the retarded time. The corresponding solution to (19) is then
Applying (23) to (15) and (16) we get
with b 1 (η) and b 2 (η) satisfying the conditions
Performing the near zone expansion [16] of (24) and (25) gives
from which the metric perturbation is found to be
To simplify (32), we appeal to the covariant continuity of the stress-energy tensor Λ µν , which in zeroth order in (39) and that momentum and dipole moment are related to each other by P i = dI i /dη. This allows us to introduce the system's rest frame in which the system's momentum vanishes, P i = 0, provided the origin of coordinates is chosen at the system's center of mass, I i = 0. Combining this with the monopole approximation, |x − x ′ | ≈ |x|, leads to Φ 00 = M/|x|, Φ 0i = 0, Φ ij = 0, Ψ 00 = M , Ψ 0i = 0, Ψ ij = 0, and we get
Introducing the post-Newtonian (PPN) parameters [17] ,
with G having the meaning of the experimentally observable gravitational "constant," brings κ µν to a compact form,
In terms of the cosmological time, t H , the full metric is thus given by
which in the limit H, F → 0 reproduces the standard BD result [5] .
III. EQUATIONS OF MOTION FOR GRAVITATIONAL PROBES
To uncover the observational consequences of the found metric, we have to derive the equations of motion for point probes. For that, we introduce the local inertial coordinates, (ct, X i ), associated with a freely falling Hubble observer,
where the overdot represents differentiation with respect to t, and H stands for the usual Hubble constant. Denoting r ≡ |X|, we find
with the linearized post-Newtonian connection coefficients being
,
These are substituted into the geodesic equation parametrized by the coordinate time,
with the result (here, n ≡ r/r, v ≡ṙ, v ≡ |v|),
where the disturbing force per unit mass is given by
On the right-hand side of Eq. (58) we have included the "standard" first-order post-Newtonian (1PN) quadratic term (even though it does not formally follow from our linearized theory), which is expected on physical grounds. We are particularly interested in the effect of Eq. (58) on Keplerian orbits. It is immediately clear that the following result of standard general relativity, witḣ G/G = 0,γ = 0, holds: in the FLRW universe, in the linear Hubble approximation, planetary orbits do not change. The scalar-tensor theory, however, modifies that conclusion, as will be demonstrated below.
Because
, the motion is confined to a fixed orbital plane. This allows us to simplify the description of post-Newtonian dynamics by taking the orbital plane to coincide with the (X, Y ) plane of the coordinate system [16] . Introducing the orbital basis [16, 18] ,
, in which v =ṙn + rḟ λ, where f is the true anomaly (the orbital angle measured relative to the pericenter), brings F to the form
IV. SECULAR EVOLUTION
To find the secular changes of the orbital elements, a (semimajor axis, not to be confused with the cosmological scale factor), e (eccentricity), and ̟ (longitude of pericenter), we use the osculating equations of the perturbed Gyldén-Meshcherskii problem [19, 20] (also see [21] ),
is the osculating mean motion, with P (t) being the osculating orbital period. We write
where s 1 , s 2 , and s 3 are the adjustable parameters to be fixed by observations. Substituting the usual Keplerian relations for r,ṙ,ḟ , v 2 in R and S, and using in Eqs. (62), (63), (64), (65) the zeroth-order orbital elements [16, 22] and the values of G, γ, and β taken at the initial epoch, we get, upon integrating each of Eqs. (62), (63), and (64) with respect to f from 0 to 2π, the following 1PN changes per anomalistic period:
Notice that in the limit e → 1 our approximation breaks down, as ȧ increases without bound. For e → 0, Eq. (71) gives ė → 0, as had to be expected. The leading contribution in (72) is the standard 1PN general relativistic correction; in the linearized Hubble approximation, there is no additional contribution to the advance of the pericenter coming from the scalar-tensor theory.
To find the anomalistic rate of change of the osculating period we write (66) in the variational form,
Taking δP to represent the anomalistic change of the osculating period and denoting δP/P ≡ Ṗ , we get upon substituting (67) and (70) in (73)
The first term on the right-hand side of (74) reproduces the result of [23] ; the term proportional to H/c 2 extends it to the post-Newtonian domain.
Next, with the definition of β given in (44), we see thaṫ
and thus s 1 and s 2 are related to each other via
The constraints [12, 24, 25] ,
then give the estimates for s 1 and s 2 ,
which, in turn, result in the following estimated secular changes per century for, say, the Hulse-Taylor binary,
These are too small to be detectable with presently available technology.
V. SUMMARY
In conclusion, we performed post-Newtonian analysis of the equations of motion in the scalar-tensor theory of gravity for localized astronomical systems subjected to the time-dependent cosmological background. Several new cosmologically driven correction terms have been identified and their effects on the secular evolution of the orbital elements have been calculated. At the present level of observational astronomy, these contributions are negligible and cannot affect any realistic analysis of orbital motion based on Eq. (2) [23] . However, should experimental methods develop further, the found corrections may prove helpful in establishing much stricter observational bounds on various PPN parameters as well as on the variability of the universal gravitational constant.
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I. NOTATION
• T and X i = {X, Y, Z} are the coordinate time and isotropic spatial coordinates on the background manifold (in various parts of the manuscript other conventions may be used; e. g., in subsections of Section VIII);
} are the conformal coordinates with η being the conformal time;
} is an arbitrary coordinate chart on the background manifold;
• Greek indices α, βγ, . . . , µ, ν, . . . run through values 0, 1, 2, 3, and label spacetime coordinates;
• Roman indices i, j, k, . . . take values 1, 2, 3, and label spatial coordinates;
• Einstein summation convention for repeated (dummy) indices is always assumed, for example,
• g αβ is a full metric on the cosmological spacetime manifold;
•ḡ αβ is the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric on the background spacetime manifold;
• g αβ = √ −gg αβ is the (Gothic raised) metric tensor density of weight +1;
•ḡ αβ = √ −ḡḡ αβ is the background metric tensor density of weight +1;
• f αβ is the metric on the conformal spacetime manifold;
• η αβ = diag{−1, +1, +1, +1} is the Minkowski metric;
is the scale factor of the FLRW metric;
• H = R −1 dR/dT is the Hubble parameter;
• H = a −1 da/dη is the conformal Hubble parameter;
• a bar over a geometric object (as inF ), denotes the unperturbed value of F on the background manifold;
• the tensor indices of geometric objects on the background manifold are raised and lowered with the background metricḡ αβ , for example F αβ =ḡ αµḡβν F µν ;
• the tensor indices of geometric objects on the conformal spacetime are raised and lowered with the conformal metric f αβ ;
• symmetrization of a geometric object with respect to two indices is denoted with the parenthesis,
• antisymmetrization of a geometric object with respect to two indices is denoted with the square brackets,
• a prime, W ′ = dW/dφ, denotes the derivative with respect to the scalar field φ;
• a dot,Ḟ = dF/dη, denotes the total derivative with respect to the conformal time η;
• ∂ α = ∂/∂x α is a partial derivative with respect to coordinate x α ;
• a comma followed by an index, F ,α ≡ ∂ α F , indicates the partial derivative with respect to coordinate x α , which is a convenient notation in some cases. When no confusion may arise, the comma as a symbol of the partial derivative is omitted. For example, we may denote the partial derivatives of the scalar field by ϕ α ≡ ϕ ,α ;
• a vertical bar, F |α , denotes the covariant derivative associated with the background metricḡ αβ . Covariant derivatives of scalar fields coincide with their partial derivatives;
• a semicolon, F ;α denotes the covariant derivative associated with the conformal metric f αβ
• ∇ α denotes the covariant derivative associated with the full metric g αβ ;
• φ is the fundamental scalar field of the Brans-Dicke theory;
• ω is the Brans-Dicke parameter; in general, ω = ω(φ);
•φ is the background value of the Brans-Dicke (scalar) field φ;
• ϕ = φ −φ is the perturbation of φ from its background valueφ. Fields φ andφ refer to the same point on the spacetime manifold;
• κ αβ ≡ g αβ −ḡ αβ is the metric tensor perturbation. Fields g αβ andḡ αβ refer to the same point on the spacetime manifold;
• h αβ ≡ g αβ −ḡ αβ is the perturbation of the metric density;
• l αβ ≡ h αβ / √ −ḡ. In the linear approximation, l αβ = κ αβ + (1/2)ḡ αβ κ α α , where κ α α =ḡ αβ κ αβ ;
• the Christoffel symbols, Γ α βγ = (1/2)g ακ (g κγ,β + g κβ,γ − g βγ,κ );
• the Riemann tensor,
• the Ricci tensor, R αβ = R µ αµβ ;
• the Ricci scalar, R = g αβ R αβ .
II. BRIEF REVIEW OF DYNAMICAL PERTURBATION THEORY
In accordance with the dynamical perturbation theory of spacetime manifolds developed in Refs. [1, 2] we write the variables of the theory as the sums of their background values and the corresponding perturbations,
with Φ A representing the generic multi-component field whose components are labeled by a generic index A. For example, Φ A may collectively represent the metric density,
and the scalar field,
of the Brans-Dicke theory. Denoting by L the Lagrangian of the theory (regarded as a function of Φ A and its derivatives of arbitrary, but finite, order), we first notice that the variational derivative of L obeys the rule
which will be used in what follows. Expanding L in a Taylor series aroundΦ A gives
L dyn is the infinite sum of the higher-order terms in ϕ A (in the linearized approximation, these are systematically discarded), and L p is the Lagrangian of a localized gravitational source (such as, e. g., a star or a planet), which is considered as a bare perturbation of the dynamical system). Because the barred variables satisfy the background field equations, we have
which constitutes the so-called on-shell condition. The dynamical perturbation theory is then based on the assumption that the evolution of the field perturbations is governed by the variational equation (now L is formally regarded as the function of ϕ A ),
subject to (7) . Thus, applying (4), (5) and (7) to (8) gives
which results in the field equations for perturbations,
where the prefactor was inserted for future convenience, with κ ≡ 8π being (dimensionless) Einstein's gravitational constant. Notice that in (10) the on-shell condition (7) should not be imposed until after all the variational derivatives have been calculated.
III. DERIVATION OF THE WAVE EQUATIONS FOR PERTURBATIONS IN THE SCALAR-TENSOR THEORY
Our main goal is to derive the wave equations for scalar field and metric perturbations of the scalar-tensor theory, (77) and (78), which reproduce Eqs. (15) and (16) of Ref. [5] .
A. Lagrangian and stress-energy tensor
We work with the Lagrangian of the form
Notice that the associated stress-energy tensor of the scalar field is given by
B. Background equations
Upon direct variational calculation, we find the following background field equations (here written in terms ofω andW ),R
Alternatively, in terms of ω ≡ω andW ,
which immediately shows thatT
Also, in terms of ω and λ,
In the above,φ
C. Equation for lµν perturbation
In accordance with the dynamical perturbation theory of spacetime manifolds developed in Ref. [1] , the field equations for metric perturbations, Eqs. (10), are
and Λ µν is the stress-energy tensor of the localized source. Notice that in deriving (27) we defined the stress-energy tensor of the source via
treated L p as being of first order of smallness, and used the chain rule,
(31)
Derivation of F G µν
We have,
Now, using (99),
Substituting (33) in (32) gives
Additionally,
Thus, from (34) and (35),
To get (28) we still have to take the variational derivative of (36) with respect toḡ µν . First, by analogy with (33), and taking into account an extra minus sign due to the derivative being with respect to the raised metric, we have
Next, by analogy with general relativity, 
Now, 
Also,
Combining ( 
Combining (41) with (37) gives
Derivation of F

BD µν
Now,
Substituting (44) in (43) gives
Also, using (98),
Thus, from (45) and (46),
Taking the variational derivative of (47) with respect toḡ µν , dropping the covariant divergence term, and noticing that h ρσ is independent ofḡ µν (even though we formally write h ρσ ≡ √ −ḡl ρσ ), we get
Final result
Thus,
D. Equation for l perturbation
Taking the trace of (49) 
Derivation
From general theory of Ref. [1] ,
Using (10) and (98) we get
and 
IV. LINEAR HUBBLE APPROXIMATION IN THE SCALAR-TENSOR THEORY
In the linear Hubble approximation for perturbations ϕ and l µν we ignore the terms containing H 2 ,Ḣ, andφ/φ. (The overdot, we recall, represents the derivative with respect to the conformal time, d/dη.) To keep track of the time dependence of the gravitational "constant", despite of (191), we must retain all terms containingφ/φ.
Additionally, we will use the following formula valid in isotropic conformal coordinates:
A. Field equations
To arrive at the linear Hubble approximation, we first drop the "obvious" terms proportional toφ |µ |ν ,φ |µφ|ν ,R µν , W ,W ′ , in Eqs. (54), (59), (49), and get the following three equations,
and
where, we recall,
Instead of (61), by combining (61) and (62), we get
which will be used in what follows. Thus, we have the system of equations (64) and (63). Substituting
in (63), we get to order O(H),
We now introduce the gauge
where we define
This gauge generalizes both the gauge used in the "Celestial ephemerides" paper [3] , and the gauge used in the original Brans-Dicke paper [4] . We notice that to order O(H),
where in (71) we used Eq. (115) of Sec. VI. This gives the system,
Re-writing everything in the Hubble conformal coordinates with the help of (60), and taking into account that, to order O(H),
which reproduces Eqs. (15) and (16) of Ref. [5] . In the above, we defined
and introduced a new gravitational variable Q µν (a direct analogue of the variable α ij that appears in Eq. (23) of the original Brans-Dicke paper [4] ),
Additionally, and this will turn out to be important for checking the gauge condition in Section VII, substituting
in (62), we get to order O(H),
Using (67) gives
and thus, from (82),
which shows that the field perturbations satisfy the constraint
and thus the actual form of the gauge satisfied by the field perturbations is not (67), but a somewhat simpler,
B. Solving the wave equations
Eqs. (77) and (78) have the general form
This can be solved by introducing two new functions, b = b(η) and q = q(η, x i ), such that
Noticing that, in the linear O(H) approximation,
whose retarded solution is given by
The corresponding solution to (87) is then given by
where, we recall,ḃ = Bb. For example, when applied to Q = b 2 q µν = ϕ, the retarded solution (93) takes the form
When applied to Q µν = b 2 q µν = l µν +ḡ µν ϕ/φ introduced in (80) and (78), the retarded solution becomes
We will use this form of l µν in Sec. VII C to check the gauge condition.
V. APPENDIX: SOME USEFUL FORMULAS
the variational derivative of F with respect to the variable Q is defined by
It can then be shown that
and, in the case of Q = g µν and
Now, the full metric is
The raised Gothic metric is
Given
the relationship between the determinants of g αβ and g αβ = g αβ / √ −g,
and using
we have,
and, similarly,
It then follows that
Then,
so in linear order in κ αβ we get
For additional details the reader may consult Ref. [1] . We first notice that for
we have
where the gauge condition (67) has been used. Additionally, we have:
Then, using (113), we get
VII. APPENDIX: CHECKING THE GAUGE CONDITION
A. Classical electrodynamics
As a warm-up exercise, let us recall how the gauge condition is checked in classical electrodynamics. In that case, the retarded solution for the vector potential A µ is given by
Using the notation
we get
We now notice that
and thus
Substituting (120) into (118) finally gives
as expected.
B. "Celestial ephemerides" solution
Now let us verify the gauge,
used in the "Celestial ephemerides" paper [3] . First, notice that in conformal coordinates, for any symmetric tensor l µν ,
Next, the retarded solution, l µν , used in the "Celestial ephemerides" paper is
where T µν is the stress-energy tensor of the matter perturbation. We have,
Now performing a few steps analogous to those in electrodynamics (see Eq. (118)) gives
Conservation of T µν ,
gives, in conformal coordinates,
Then for the 0-th component we get
and thus, 
For the i-th component,
This shows that in conformal coordinates
as required.
C. Our scalar-tensor theory solution
We will again use the primed notation,
We first write down (123), which is a general result for any symmetric tensor expressed in conformal coordinates,
For the 0-th component of I µ we get
For the i-th component of I µ we similarly get
To find out what ∂ 0 (aΛ 00 ) − ∂ k (aΛ 0k ) and ∂ 0 (aΛ i0 ) − ∂ k (aΛ ik ) are we need to do a few additional calculations. First, by taking the covariant divergence of (63) we get, in the linear Hubble approximation, 
On the other hand, for any symmetric tensor s µν we have
which in conformal coordinates takes the form
Applying this to Λ µν gives, ∂ 0 (aΛ 00 ) − ∂ j (aΛ 0j ) = −H (aΛ kk ) , (149) ∂ 0 (aΛ i0 ) − ∂ j (aΛ ij ) = −H (aΛ i0 ) .
Therefore, for the 0-th component of I µ we have 
in agreement with (86). Now, for the i-th component,
and thus,
′ treat H ′ and F ′ as constants
VIII. APPENDIX: BACKGROUND FRIEDMAN COSMOLOGY
Here, for convenience, we list a few results related to the background Friedman cosmology.
A. General considerations
In this Subsection, the derivatives with respect to the coordinate time x 0 , cosmic time T , conformal time η, and the scalar field φ will be denoted by
We work with the conformally flat background FLRW metric, dḡ 2 = a 2 (η) −dη 2 + δ ij dx i dx j ,ḡ αβ = a 2 (η)f αβ , f αβ = diag (−1, 1, 1, 1) , 
R αβ = 1 a 2 Ḣ (ḡ αβ − 2ū αūβ ) + 2H 2 (ḡ αβ +ū αūβ ) ,R 00 = −3Ḣ,R 11 =R 22 =R 33 =Ḣ + 2H 2 , 
and the (conformal) Hubble parameter is H ≡ȧ/a.
Then, in the isotropic conformal coordinates, φ |00 =φ − Hφ,φ |0i = 0,φ |ij = −Hφf ij , we get, in the isotropic conformal coordinates with conformal time η, the background Friedman equations, 
For the remainder of this subsection the derivative with respect to t will be denoted with an overdot.
and thus there are two small parameters in our theory,
where T 0 is the characteristic time of the dynamical evolution of the system, say, its orbital or rotational period. If
which is a typical situation (currently accepted value is ω ≃ 4 × 10 4 ), then
